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ABSTRACT 


In  this  paper  the  theory  and  practice  of  *'optimality*in  reinsurance, 
from  the  point  of  view  of  the  primary  Insurer  (cedent)  are  discussed. 

The  principal  types  of  reinsurance  contracts  and  their  relative  merits 

/ 

are  described,  and  the  question  as  to  what  constitutes  an  "optimal^ contract 
is  considered. 

Some  of  the  quantitative  concepts  relating  to  the  various  types  of  re- 
insurance are  reviewed  in  the  context  of  the  practical  considerations  which 
may  apply.  The  limitations  and  possible  uses  of  these  methods  are  illus- 
trated^ 


NOTATION 


R - Reserves 

For  a set  of  policies  {i:i  - 1,2 n} 

a.  - nominal  sum  Insured 


- observed  value  of  random  variable  , actual  claim. 

n 

- the  random  variable  £ £.  , or  its  observed  value 

i-1  1 i 

F^(£^)  - distribution  function  of  . 

’ - expected  value  of  claim  = net  'fair'  premium. 

n 

. M - total  fair  premiums  • [ p (volume). 

2 ^ 

" variance 

[ - gross  premium  (including  risk  and  expense  loadings) 

n 

n " I "i  • 

i-1  1 

j - expense  loading  charged  by  primary  insurer 
n 

!e  ■ [ n.Wj  • 

i-l 

- risk  loading  charged  by  primary  insurer. 

- “ actual  risk  premium, 

n n 


■ l Vi  ■ l ei  • 

4 1 A ■**  A 


s 

n 


- I p.(l  + n.  + X ) - M + E + A 

i-1  1 1 

- premium  reserve  ■ n - E+  : M + A 

- observed  value  of  » retained  claim  liability. 

n 

• Z *i  • 

i-1 

- observed  value  of  , ceded  liability; 

n 

m i • 

i-1 


Expena 


aumed  to  be  exactly  met  by  expense  loading. 
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expected  value  of  ceded  liability  = net  'fair'  reinsurance 
premium. 


gross  'net'  reinsurance  premium  (including  risk  loading  less 
commissions)^ 


reinsurance  risk  loading. 

it  * 


1^*1  " actual  reinsurance  risk  premium. 
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utility  function  for  Insurance  company, 
expected  value  of  u for  some  contract. 


1.  OBJECTIVES  OF  AN  INSURANCE  COMPANY 


The  role  of  an  Insurance  company  is  to  spread  the  risks  from  various 
contingencies  among  all  its  policy-holders.  Each  individual  pays  a "risk- 
loading" on  top  of  the  premium  required  to  cover  the  expected  value  of  his 
risk,  so  that  the  company,  and  hence  the  policy-holders  themselves,  are 
protected,  to  some  extent,  against  an  above-average  total  of  claims.  How- 
ever, even  a large  insurance  company  may  not  be  immune  to  fluctuations  in 
the  total  claims,  and  further  protection  may  be  obtained  through  reinsur- 
ance. The  insurance  company  can  modify  the  distribution  of  its  total  risk 
by  ceding  some  function  of  its  liability  to  the  reinsurer  in  return  for 
which  it  pays  a premium  and/or  accepts  some  additional  (independent)  risk. 

In  order  to  compare  the  merits  of  different  courses  of  action,  it  will 
be  necessary  to  define  a preference  ordering  over  the  resulting  distributions 
of  eventual  claims.  Usually,  the  net  liability  of  the  insurance  company 
will  be  the  statistic  of  interest,  and  the  preference  ordering  will  be  de- 
fined in  terms  of  some  expected  value,  or  the  probability  of  a certain 
event.  It  is  therefore  important  to  define  the  objectives  of  the  company, 
and  to  choose  a preference  ordering  consistent  with  these  objectives. 

The  insurance  company's  objectives  will  depend  upon  what  type  of  bus- 
iness it  transacts.  For  example,  a life  insurance  company  will  be  more 
concerned  with  long  term  stability  than  a casualty  Insurance  company,  un- 
derwriting on  a year-to-year  basis.  The  casualty  company  will  still  be 
Interested,  however,  in  maintaining  its  reserve  funds  to  enable  it  to  con- 
tinue operation.  The  issue  may  be  further  complicated  by  the  requirements 
of  share- holder s,  who  will  want  the  company  to  produce  a positive  surplus, 
for  which  they  may  be  prepared  to  undergo  a greater  or  lesser  degree  of 

*The  risk  is  the  random  variable  equal  to  the  amount  of  a liability  to  an 
individual  or  insurance  company. 
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risk  to  their  investment.  Thus  it  happens  that  some  reinsurance  strategies 
are  expressed  in  terms  of  minimizing  the  probability  of  ruin,  others  in  terms 
of  the  expected  value  of  discounted  dividends,  and  others  in  terms  of  mini- 
mizing the  variance  of  the  net  liability  subject  to  restrictions  on  its  ex- 
pected value. 

There  need  not  necessarily  be  any  conflict  between  the  different  ob- 
jectives of  the  company,  and  optimization  of  different  criteria  may  lead  to 
the  same  strategy,  but  this  will  not  in  general  be  the  case. 

Ideally  it  would  be  possible  to  define  a utility  function  over  possible 
values  of  the  company's  monetary  status  at  the  end  of  a given  period.  This 
would  be  constructed  so  as  to  take  account  of  the  relative  importance  of 
various  factors.  In  fact,  there  must  be  some  such  scale  of  utility  in  the 
minds  of  the  managers  of  the  company,  but  whether  they  could  give  it  numeri- 
cal values,  or  whether  any  two  managers  would  agree  on  these  values,  is  a 
different  matter.  In  any  case,  some  attempt  to  define  a utility  function 
should  lead  to  greater  clarity  of  thought  in  decision-making. 

If  a utility  function  could  be  accurately  defined,  then  a reinsurance 
strategy  could,  in  theory,  be  chosen  so  as  to  maximize  its  expected  value. 
The  coefficient  of  risk  aversion,  as  defined  by  Pratt  [21]  would  in  general 
be  positive,  i.e.  the  utility  function  would  be  concave,  which  means  that 
the  company  would  be  prepared  to  trade  off  a certain  amount  of  cash  for  a 
reduction  in  variance  of  the  outcome;  in  fact  comparisons  of  possible  re- 
ductions in  variance  are  frequently  used  as  a basis  for  optimization  when 
utility  functions  cannot  be  described. 
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2.  MOTIVES  FOR  REINSURANCE 

2. 1 Legal  Requirements 

Insurance  companies  are  required  by  law  to  place  Initial  gross  premiums 
Immediately  into  unearned  premium  reserve.  This  means  that  initial  expenses 
have  to  be  met  out  of  surplus,  and  this  may  cause  financial  strain,  particu- 
larly to  smaller  companies.  Under  "treaty"  reinsurance  (described  below), 
the  reinsurance  company  is  responsible  for  maintaining  its  share  of  the  un- 
earned premium  reserve,  and  the  commission  received  by  the  insurer  from  the 
reinsurer  can  be  used  immediately  to  meet  expenses. 

2.2  Entering  or  Leaving  a New  Geographical  Area,  or  a New  Field  of  Business 

A company  may  take  the  role  of  reinsurer  as  an  entree  into  an  area  in 
which  it  has  no  experience;  on  the  other  hand,  it  may  relieve  itself  of  any 
financial  obligations  in  some  area  by  reinsuring  the  whole  of  the  section  of 
business  from  which  it  wishes  to  withdraw. 

2. 3 Spreading  of  Risk 

The  most  common  need  for  reinsurance  arises  out  of  insurance  companies' 
aversion  to  risk  (in  utility  theory  terms,  u"(x)/u'(x)  < 0).  In  particular, 
companies  will  wish  to  guard  their  reserves.  In  fact  their  principal  motives 
will  be  similar  to  those  of  the  original  policyholders  in  buying  insurance, 
and  similar  quantitative  considerations  will  apply. 

We  will  be  concerned  only  with  this  last  motive. 
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3.  DESCRIPTION  OF  COMMON  TYPES  OF  REINSURANCE  CONTRACT* 


3. 1 Treaty  Reinsurance 

Under  this  type  of  reinsurance  contract,  the  insurance  company  (cedent) 

retains  the  liability  for  some  function  Z(x^,X2»  ....  x ) of  the  claims 

x, ,xot  ...»  x , arising  from  its  policies  from  a certain  sector  or  sectors 
1 Z n 

of  its  business,  which  it  undertakes  during  the  course  of  the  treaty.  The 

n 

balance,  X - Z , where  X «=  £ x1  , is  met  by  the  reinsurer. 

i=l 

The  reinsurer  receives  a premium,  which  is  usually  calculated  as  a per- 
centage of  the  total  gross  premiums  collected  by  the  cedent  for  the  appropri- 
ate policies. 

In  the  cases  of  "prorata  quota"  and  "surplus"  treaties,  (see  below),  the 
reinsurance  company  pays  a commission  which  is  calculated  to  cover  the  ex- 
pense loading  included  in  its  share  of  the  premium,  since  the  original  ex- 
penses are,  in  fact,  met  by  the  cedent,  and  to  return  to  the  cedent  a minor 
part  of  the  corresponding  risk  loading.  Thus,  in  theory,  the  net  premium 
received  by  the  reinsurer  is  equal  to  the  appropriate  share  of  the  "fair" 
premium  (expected  value  of  the  ceded  liability)  plus  the  greater  share  of 
the  corresponding  risk  loading.  The  cedent  may  receive  a small  additional 
"overriding"  commission  to  pay  for  a share  of  the  expenses  of  arranging  the 
treaty. 

In  the  case  of  "excess"  reinsurance,  there  is  generally  no  commission 
payable,  but  the  total  reinsurance  premium  will  be  arranged  with  similar 
considerations  in  view  as  for  the  quota  and  surplus  treaties. 


The  names  used  for  describing  some  of  these  contracts  are  often  interchanged. 
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3.1.1  Quota  ("prorata  quota")  Reinsurance 


A fixed  proportion,  K < 1 , of  all  claims  is  retained  by  the  cedent; 

n 

i.e.  Total  retention  Z = 7 Kx  *»  KX 

i=l  n 


Total  ceded, 


W 


(1  - K)X 


Net  reinsurance  premium  (less  commission), 

* 


where 


i.e. 

where 


n - (1  - K)M(1  + A*)  and  X*  - hX 
M = total  "fair"  premiums  received  by  cedent 
X = cedent's  original  risk  loading 
h = constant  < 1 
n*  - (1  - K)  (M  + hA) 

A = total  risk  loading  received  by  cedent. 


3.1.2  Surplus  ("sliding-scale  quota")  Reinsurance 

The  proportion  ceded  is  not  fixed,  but  is  related  to  a fixed  monetary 
sum,  B , the  cedent's  retention. 

Then  if  a^  is  the  nominal  sum  insured  on  a certain  policy,  and  if  x^ 
is  the  actual  claim: 

retention  = x^  , if  a^  < B , or  d^x^  if  a^  > B 

where:  d,  ■ — 

1 ai 

i.e.  ceded  loss,  - 0 , if  a^  < B , or  (1  - d^x^  if  a^  > B . 


The  liability  ceded,  up  to  a fixed  maximum,  is  usually  divided  in  fixed  pro- 
portions among  several  reinsurers  ("first  surplus"  reinsurers),  and  the 
amount  exceeding  this  maximum  may  be  divided  among  other  reinsurers  ("second" 
and  subsequent  surplus  reinsurers). 
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Net  reinsurance  premiums  (less  commission) 

n*  - l fl  - — )(M  + hA) 
a^>B  V ai / 

3.1.3  Excess  Reinsurance 

The  ceding  company  retains  liability  for  any  single  claim  up  to  a fixed 
amount,  T , and  cedes  any  excess  of  the  claim  over  T (usually  up  to  a 
f ixed  maximum) : 

retention  = x^  if  x^  < T , or  T if  x^  > T 

.'.  = 0 if  x^  < T , or  x^  - T if  x.^  > T 

total  ceded,  W * £ ~ T)  • 

VT 

The  reinsurance  premium  is  a fixed  proportion,  C , of  the  original 
gross  premium,  regardless  of  the  nominal  sum  insured. 

i.e.  n*  = c(M  + A + E)  - Cn 
where  E = total  expense  loading  received  by  cedent, 
n » gross  premiums  received  by  cedent. 

fl*  is  designed  to  cover  the  reinsurers  average  share  of  the  "fair"  premium, 
the  expenses  of  administering  the  treaty,  and  the  risk  to  the  reinsurer. 
Thus,  in  order  to  obtain  a fair  value  of  C , some  estimate  of  the  average 
fair  premium  must  be  made.  This  will  depend  on  the  distribution  of  the 
sizes  of  nominal  sums  Insured,  and  is  usually  based  on  past  experience  of 
the  average  incidence  of  claims  > T (the  "Burning  Cost")  for  the  particular 
ceding  company.  Clearly,  in  order  for  the  assessment  of  reinsurance  premi- 
ums to  be  reasonable,  the  treaty  must  be  limited  to  lines  of  business  where 
the  distribution  of  sums  insured  has  small  dispersion  and  does  not  vary  too 


much  from  year  to  year. 


7 


Excess  reinsurance  is  often  used  to  reinsure  the  cedent's  liability 
retained  from  other  forms  of  reinsurance. 

Another  form  of  excess  reinsurance  is  called  "Excess  Loss  Ratio"  or 
" Stop-Loss " reinsurance.  The  amount  ceded  is  the  excess  of  total  claims 
during  the  treaty  over  a predetermined  proportion  of  total  gross  premium 
income. 

i.e.  total  retention  Z ■*  X if  x < til 
or  Z = til  if  x > tn 

(Note:  if  the  original  premium  loading  is  a fixed  proportion  of  the  fair 

premium,  i.e.  II  - (1  + c)M  , then  the  retention  limit  can  be  written  as 
a proportion  of  the  fair  premium,  t * II  , where  t'  * t(l  + c).) 

3.2  Reciprocal  and  Pool  Reinsurance,  Coinsurance 

Reciprocal  reinsurance  is  an  arrangement  between  two  or  more  primary 
insurers,  whereby  each  company,  r , retains  a function  zr^xri»xr2*  •••*  xrn) 
of  its  own  liabilities,  and  cedes  - Z^  in  exchange  for  a function 

Wrs^xsl,xs2’  xsn^  the  °*  each  of  the  other  participants, 

s , sometimes  together  with  a net  cash  transfer.  Clearly  W **  7 W 

r L ur 
u 

The  functions  W may  take  several  forms,  and,  commonly,  selected  policies 
are  transferred  in  toto  from  company  to  company. 

Reciprocal  reinsurance  may  take  the  form  of  a treaty,  under  which  all 
new  policies  are  automatically  issued  Jointly  and  divided  in  fixed  propor- 
tions among  the  participating  companies.  This  is  called  "coinsurance" . 

Another  kind  of  reciprocal  treaty  is  "Pool  Insurance " under  which  each 
participant  automatically  effects  an  excess  reinsurance  on  new  policies  with 
fixed  retention,  T , say,  and  where  the  other  participants  take  a fixed 
proportion  of  the  excess  liability  and  the  premiums. 
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i.e.  retention  of  company  r 

on  iC^  policy 

* x . 

if  x . < T 

ri 

ri 

or  T 

if  x . > T 
ri 

and  Wgr  = liability  ceded  to  company  s 

■ J (K  x . - T)  where  K is  a constant. 

x >T  8 ri  8 

ri 

3. A Facultative  Reinsurance 

This  type  of  contract  applies  to  individual  policies  which  are  com- 
pletely specified,  and  is  commonly  used  to  reinsure  policies  which  are  un- 
usually large  or  hazardous,  or  in  some  other  way  exceptional. 

The  amounts  ceded  may  follow  the  pattern  of  quota,  surplus,  or  excess 
agreements,  or  they  may  take  more  complicated  forms.  The  premiums  will  be 
those  which  the  reinsurer  considers  necessary  to  cover  the  risks,  and  this 
will  be  a matter  for  negotiation. 

Facultative  reinsurance  may  be  used  on  certain  policies  as  a supple- 
ment to  existing  treaty  reinsurance,  so  long  as  the  treaty  reinsurers  agree 
to  this. 

Expenses  for  arranging  facultative  reinsurance  tend  to  be  larger  than 
for  treaties,  but  this  type  of  contract  allows  greater  flexibility. 


ipynr' 
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4.  RELATIVE  MERITS  OF  DIFFERENT  TYPES  OF  REINSURANCE  CONTRACT;  OPTIMALITY 

It  Is  shown  by  Lippman  [16]  that  for  a given  amount  of  ceded  expected 
liability  (fair  reinsurance  premium)  an  excess  reinsurance  contract  provides 
a higher  utility  (i.e.  lower  risk)  to  any  cedent  with  a concave  utility 
function  than  either  surplus  or  quota  reinsurance.  This  result  is  shown 
for  a contract  with  nominal  sums  insured  drawn  randomly  from  any  distribu- 
tion, and  could  therefore  be  applied  to  treaty  reinsurance. 

It  has  also  been  shown  by  Borch  [5]  that,  under  certain  conditions,  a 
stop-loss  contract  gives  the  greatest  possible  reduction  in  variance  for  a 
given  ceded  expected  liability;  this  has  been  shown  to  be  true  under  more 
general  conditions  by  Kahn  [15]  and  Olin  [18]. 

While  these  results  are  of  great  theoretical  interest,  they  cannot  be 
used  as  a general  rule  for  determining  the  optimal  kind  of  reinsurance  re- 
quired in  practice.  In  particular,  the  following  considerations  should  be 
taken  Into  account. 

1)  The  reinsurance  company  itself  will  have  some  aversion  to  risk, 
and  it  has  been  shown  by  Vajda  [24]  that  a stop-loss  contract 
gives  the  greatest  possible  to  risk  to  the  reinsurance  company 
(in  terms  of  variance).  Thie  makes  it  likely  that  the  reinsur- 
ance company  would  require  a larger  risk  loading  for  such  a 
contract.  In  fact,  even  If  the  reinsurer's  coefficient  of  risk 
aversion  is  small,  the  force  of  competition  will  tend  to  result 
in  a higher  price  for  this  kind  of  cover, 
il)  There  ia  considerable  variation  in  the  cost  of  administering  dif- 
ferent types  of  contracts. 

ill)  There  is  normally  an  upper  limit  to  the  ceded  amount  on  stop-loss 
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contracts.  In  general,  different  types  of  contracts  were  orig- 
inally designed  to  meet  specific  needs.  The  stop-loss  contract 
was  designed  to  protect  the  cedent  against  a large  number  of 
moderate  losses,  and  it  may  be  that  under  such  circumstances  a 
loss  exceeding  the  upper  limit  to  the  loss  ceded  is  very  im- 
probable. These  terms  might  not  be  so  attractive  to  a cedent 
with  a few  very  high-riak  contracts. 

In  fact,  it  may  turn  out  that  for  administrative  and  other  reasons  it 
is  best  to  reinsure  different  sectors  of  an  insurance  company's  portfolio 
under  different  schemes.  Under  these  circumstances  the  limitations  to  the 
use  of  contingency  reserves  for  different  sectors  would  have  to  be  consid- 
ered, and  the  quantitative  aspects  of  optimization  would  be  very  complicated. 

However,  there  is  no  reason  for  not  carrying  out  a thorough  investiga- 
tion of  possible  alternatives  with  regard  to  prevailing  costs,  for  any  port- 
folio. Facultative  reinsurance  is  far  easier  to  deal  with,  whereas  for 
treaty  reinsurance  it  is  required  to  estimate  the  distribution  of  the  volume 
and  type  of  business  to  be  transacted  during  the  course  of  the  treaty. 
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5.  OPTIMIZATION  UNDER  DIFFERENT  CRITERIA 
5.1  Utility 

In  the  Ideal  case  in  which  a function  u(y)  , say,  can  be  constructed 
so  as  to  represent  the  utility  of  net  assets  y , the  problem  can  be  formu- 
lated as  follows: 

Expected  utility  of  portfolio  without  reinsurance 

oo 

- j u[R  + S - SldFU) 

0 

where  R » reserves 

S ■ premium  reserve 
i « total  claims  ~ F . 

It  is  required  to  find  a function,  Z(C  ,5  ...,  £ ) , the  net  reten- 

J.  t n 

tion,  of  individual  claims  •••»  » that  will  maximize  the  expected 

utility: 

00  00 

/•••/  u(R  + S - n*  - Z(^)]dF1(C1)  ...  dFn(Sn) 

0 0 

* 

where  n - total  reinsurance  premium. 

* * 

Usually  II  will  consist  of  the  net  "fair"  premium,  M ■ E{X  - Z(£)}  , 

together  with  a loading  which,  for  example,  may  be  proportional  to  the  fair 

premium, 

* * * 

i.e.  n - (1  + A )M  , 


I 
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or  may  be  related  to  the  dispersion  of  the  risk  [X  - Z(£)]  to  the  rein- 
surer. + (See  Benktender  [2 ].) 

Since  the  choice  of  available  reinsurance  contracts  will  in  practice 
be  limited,  it  will  be  necessary  to  consider  separately  certain  classes 
of  functions  Z(J)  ; it  may  then  be  possible  to  optimize  within  each  class 
and  to  compare  the  results. 

For  treaty  reinsurance  contracts  it  will  also  be  necessary  to  have 
some  estimate  of  the  distribution  of  the  numbers  of  different  categories 
of  policies  which  will  be  negotiated  over  the  course  of  the  treaty. 

The  optimization  procedure  is  ullustrated  with  reference  to  a stop- 
loss  treaty  with  no  upper  limit  to  the  ceded  liability.  This  type  of  con- 
tract, with  fixed  premium  loading,  A , has  been  shown  (see  Arrow  [1])  to 
give  optimal  utility  to  a risk-averse  cedent  for  a given  total  risk  X . 
Borch  [13]  illustrates  how  the  optimal  retention  limit  may  be  obtained. 
This  can  easily  be  extended  to  stop-loss  treaties,  where  the  retention 
limit  is  expressed  as  a certain  fraction,  t , of  the  volume  of  business 
during  the  contract,  M , which  has  known  distribution,  H(M)  , say. 

Assuming  that,  given  M , X is  distributed  as  F(X  | M)  , expected 
utility,  given  H , 

Mt 

U(K,F)  - J u[R  + (1  + A)M  - n*(M,T)  - X]dF(X  | M) 


UD 

+ u[R  + (1  + A)M  - - Mt]  J dF(X  | M) 


when  X - primary  insurer's  risk  loading 


t * 

For  treaty  reinsurance  n Is  usually  expressed  as  a percentage  of  the 
total  premium  Income,  n , and  so  in  proportional  treaties  the  loading  is 
a fraction  of  the  primary  Insurer's  loading. 
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and  n* (M, t)  - (1  + X*)  / (X  - Mt)dF(X  | M)+  . So  - -M(l  + X*)[l  - 

Mt  3t 

or 

F (Mt  | M)]  . Letting  U(t)  - / U(M,T)dH(M)  , we  get 


(JO 

Mill.  f 

dx  J 


M[ 1 - F(Mx  | M) ] {(1  + X 
0 X 0 


Mt 

*>  f u'  [R 


+ (1  + X)M  - TT  - X]dF(X  I M) 

(2) 


(1  - (1  + X*)[l  - F (Mt  | M)])u'[R  + (1  + X)M  - it*  - M*}  dH(M) 


For  optimal  t we  set  expression  (1)  to  0;  in  particular,  if  M is  fixed 
or  known  precisely,  we  set  the  expression  in  { } to  0.  The  method  is  il- 

lustrated for  a particular  U , F and  H in  the  appendix. 

For  utility  functions  with  risk  aversion  >0  it  is  found  that  optimal 
t Increases  with  increasing  X and  with  decreasing  E[M]  . 

5. 2 Variance 

When  it  is  not  possible  to  define  a utility  function,  the  criterion  of 
variance  of  retained  loss  is  often  used  for  optimizing  reinsurance  policies. 
Some  assessment  must  be  made  of  the  trade-off  between  reduction  in  variance 
and  the  cost  of  reinsurance.  One  possible  approach  which  is  applicable  to 
facultative  reinsurance  of  individual  policies  within  an  existing  portfolio 
(Seal  [23])  is  to  consider  the  maximum  reduction  in  variance  that  can  be  ob- 
tained for  a fixed  reinsurance  loading.  The  amount  of  net  premium  ceded  is 
not  restricted  since  this  is  assumed  equal  to  the  expected  value  of  the 
ceded  liability. 

2 

Assume  that  for  a set  of  n independent  policies,  with  variance  , 

* 

1 - 1,2,  ...,  n , the  reinsurer  charges  a premium  loading  for 


+If  dF (X  | M)  is  a function  of  X | M , then  it  * M , which  is  in  accord- 
ance with  the  method  of  reinsurance  premium  calculation  commonly  used. 
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insuring  a proportion  of  the  individual  claims.  0^  will  be  in  general 

a function  of  the  distribution  of  the  claim,  • The  question  as  to  what 

proportion  of  each  claim  should  be  ceded  subject  to  a given  amount,  C , of 
risk  loading  is  solved  as  follows: 


Minimize  £ a . (1  - a )“ 
a i-1 


n * 

Subject  to  £ a 0 - C 

* ^ ^ 


i-1 


i.e. 


n « 2 / ^ it  \ 

Minimize  [ 0^(1  - a^)  - L|C  - £ ai2 * * * * * * 9i ) 
a;L  i-1  \ i-1  / 


(3) 


L0 , 


where  L is  the  Lagrange  multiplier.  This  gives  a.  - 1 « where  L 

1 20^ 

can  be  obtained  by  resubstitution  in  (3).  If  the  reinsurance  company  charged 

* 

premiums  consistent  with  those  suggested  by  a quadratic  utility  function  9^ 

2 

would  be  approximately  proportional  to  po^  where  p is  its  coefficient  of 
risk  aversion. 

In  this  case  1 - « pL  , constant  for  all  i , which  is  equivalent 

to  prorata  quota  reinsurance. 

In  other  cases  the  above  formulae  may  give  some  < 0 , in2which  case 

* °i 

adjustments  need  to  be  made;  in  the  particular  case  where  6^  « — (at  - 

nominal  sum  Insured),  the  optimal  contract  in  this  class  will  be  surplus 
reinsurance. 

The  variance-minimizing  approach  can  be  extended,  in  a similar  way  as 
for  the  utility  approach,  to  treaty  reinsurance,  given  detailed  enough  infor- 
mation about  the  distribution  of  policies  negotiated  during  the  course  of  the 


treaty. 
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5. 3 Reciprocal  Reinsurance 

Reciprocal  reinsurance  Is  an  important  special  case,  for  which  the  cri- 
teria of  utility  and  variance  are  both  commonly  used. 

An  exchange  of  liabilities  (and  premiums)  between  insurance  companies 
can  Increase  the  utility  for  both  of  them.  For  example,  in  the  simplest 
case,  if  two  companies  have  identical  independent  portfolios,  by  simply 
sharing  each  claim  equally  they  both  reduce  the  variance  and  (assuming  they 
are  both  risk  averse)  increase  the  utility  of  their  portfolios. 

The  more  general  case  is  examined  by  Borch  [3].  Suppose  Company  A has 
risk  distribution  FA^XA^  and  Company  B has  risk  distribution  Ffi(XB)  . 

And  if 

A retains  risk  Z.  and  cedes  to  B W ■ X.  - Z, 

A A A A 

and 

B retains  risk  Zfi  and  cedes  to  A WB  “ XB  “ ZB 

then 

Var(XA)  - Var(WA)  + Var(ZA)  + 2Cov(WA>ZA)  (4) 

and 

Var(XB)  - Var(WB)  + Var(ZB)  + 2Cov(WB,ZB)  (5) 

Let  A's  total  liability  be  Q.  ■ Z.  + W_  + (ir.  - n ) where  (n.  - it_) 

A A d A d Ad 

is  the  net  transfer  of  premiums. 

Then  Var(QA)  ■ Var(ZA)  + Var(Wg)  and  from  (4)  and  (5): 

Var(QA)  - Var(XA)  - Var(V#A)  + Var(WB)  - 2Cov(WA,ZA> 

and  a similar  expression  for  B's  liability. 

It  is  clear  that  under  the  criterion  of  minimizing  variance,  for  a given 
variance  of  net  ceded  liability,  the  higher  the  correlation  between  ceded 
and  retained  liabilities,  the  better.  In  this  sense,  a pro  rata  exchange 

->*■  mmmmm  — . ’-r’-yjgr  > « ry-rrTi.,;  -rrn  . ->»  •«  •v.jrrv  <r.-- — *■— -r — t~~ 
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of  liabilities,  for  which  the  correlation  between  W and  Z is  1,  will 
be  optimal. 

Using  utility  functions  UA  and  Ug  , for  QA  “ Q Company  A's  ex- 
pected utility  will  be: 

V0>  ■ JJw  + SA  - Q)«A«*)dPB<V 

where  and  are  the  free  and  premium  reserves  and  Ug(Q)  “ 

ffv\  + SA  + 1 - XA  - VdVVdFB(V  • 

The  "Pareto  optimal  set"  is  defined  as  the  set  of  Q such  that  there 
is  not  Q which  is  better  for  both  companies,  i.e.  for  Q e Pareto  optimal  set, 

3 no  Q s.t.  | Ua(Q)  > Ua(Q) 

land  Ug(Q)  > Ug(Q)  . 

Borch  [4]  shows  that  a necessary  and  sufficient  condition  for  Q to 
belong  to  this  set  is: 

V*B  + SB  + Q - XA  * V ' K-VRA  + SA  * «> 

for  some  positive  K . 

The  actual  value  of  K , and  hence  the  required  Q , will  be  a matter 
for  negotiation.  Nash  [17]  suggests  using  the  value  which  maximizes: 

IVQ)  - ua<c»1-[ub(q)  . uB(o)] 

where  UA(°)  and  Ug(0)  are  the  expected  utilities  without  reinsurance. 

i.e.  U(0)  - Ju(R  + S - X)dF(X)  for  A and  B . 

These  concepts  may  be  extended  (see  Borch  [7])  to  several  insurance 
companies  cooperating  or  competing  In  the  reinsurance  market. 
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5.4  Probability  of  Ruin 


The  probability  of  ruin  of  an  insurance  company  depends  on  the  relation- 
ship between  the  size  and  number  of  contracts  in  its  portfolio,  their  risk 
distributions,  and  the  size  of  the  reserves.  The  following  very  simple  ex- 
ample illustrates  this: 

Suppose  a portfolio  contains  n identical  independent  policies  with 

2 

claims  distributed  normally,  N(p,o  ) . 

Suppose  the  company  charges  premiums  p ■ u(l  + A)  . Then  total  prem- 


iums P - np(l  + A)  and  total  claims  X ~ N(up,na  ) . 
If  initial  reserves  are  R , probability  of  ruin  » 


This  takes  a maximum  value  <t^  I when  n - ~ . Clearly  the  probability 

2 R 

decreases  with  R and  increases  with  o . For  n <<  -r-  . the  size  of  the 

Au 

total  risk  will  not  threaten  the  reserves,  and  for  n >>  v—  , the  accumulated 

A li 

loading  will  be  sufficient  to  cover  the  risk. 

Benktender  [2]  considers  an  insurance  company  with  normally  distributed 
risk,  so  that  probability  of  ruin  ■ ^ ^ ^ | when  *■  variance  of  whole 

portfolio.  If  a new  independent  risk  with  premium  x « p + 0 and  variance 


H5) 


•&) 


when  n ■ - — 


is  Introduced,  the  probability  or  ruin  becomes 


/R  + L + 8 \ 

\f7? ) • 


If  the  probability  of  ruin  is  not  to  be  increased,  this  requires 
(R  + L)l/l  + - ll  • If  o2  « J2  . 


This  suggests  that  under  this  criterion  the  company  should  charge  a 
loading  proportional  to  the  variance  of  the  risk.  Alternatively,  if  the 


loading  normally  charged  is  proportional  to  the  standard  deviation  of  the 


V 
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risk,  i.e.  0 ■»  <a  , (6)  gives  a maximum  value  to  the  standard  deviation  of 
any  risk  that  can  be  accepted,  and  hence  the  maximum  retention  of  the  risk 
is  to  be  reinsured: 


o < 


(R  + L) 

n2 


Note,  however,  that  under  condition  (6),  the  larger  the  premium  reserves, 
and  the  smaller  the  variance  of  the  existing  portfolio,  the  larger  will  be 
the  loading  required  for  a given  risk.  If  reinsurance  companies  were  to 
use  this  criterion,  the  larger  companies  would  tend  to  be  more  conserva- 
tive. That  it  often  appears  to  be  so,  may  reflect  the  fact  that  insurance 
companies  have  to  pay  more  for  this  greater  margin  of  safety. 

The  theory  of  random  walks  may  be  applied  to  the  probability  of  ruin, 
and  this  subject  is  extensively  covered  by  Seal  [23].  If  a dividend  is 
automatically  paid  out  when  net  assets  reach  a certain  fixed  level,  the 
probability  of  ultimate  ruin  becomes  1.  The  question  of  optimality  under 
these  conditions  is  discussed  by  Borch  [12], 


5. 5 Value  of  Dividends 

The  discounted  value  of  future  dividends  is  sometimes  used  as  a cri- 
terion of  optimality.  This  will  be  more  suitable  for  companies  conducting 
business  of  a short-term  nature  than,  for  example,  life  insurance  companies, 
who  will  tend  to  give  greater  weight  to  continuing  solvency. 

A very  general  approach  is  given  by  Pechlivanides  [20].  A "state  of 
nature",  X , at  stage  t , is  defined  as  the  vector  of  claims  at  the  end 
of  the  stage  for  the  group  of  participating  insurance  and  reinsurance  com- 
panies which  constitute  the  "market". 

^The  notation  used  here  differs  somewhat  from  that  used  previously. 
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For  any  state  of  nature  X^  , a "price  function"  PQ^)  is  defined, 

when  P(X  )dX  represents  the  market's  assessment  of  the  value  of  a con- 
~t  ~t 

tract  to  pay  $1  if  the  state  of  nature  falls  in  the  range  (X^  jX^.  + dX^)  . 
This  takes  into  account  the  market’s  assessment  of  the  probability  of  such 
an  event. 

The  quantity  ir  , defined  as  / P(X  )dX  , is  equivalent  to  the  value 

C *t 

of  a contract  to  pay  $1  in  any  event,  and  so  n = where  i is  the 

prevailing  rate  of  interest. 

The  market  value  of  a particular  company's  wealth,  , (i.e.  assets 

less  liabilities)  at  the  end  of  the  stage  is 


/ Vi 


(X)P(X  )dX 
— — z — z 


and  the  company  can  trade  in  these  assets  for  a post-reinsurance  wealth  , 

which  is  a function  of  X , and  hence  of  the  vector  of  net  assets,  Y , 


without  reinsurance. 

The  value  of  the  post-reinsurance  wealth  must  be  the  same  as  the  traded- 


in  value,  i.e. 


/v<Vdit  - / z(xt)p(2Ct)P(xt)dxt 


Each  company  strives  to  maximize  its  expected  utility  (according  to  its  own 

assessment  of  the  distribution  of  X ) subject  to  (7)  above.  Pechlivanides 

— t 

gives  a set  of  conditions  for  the  existence  of  a "market  equilibrium"  (Pareto 

optimal  set),  subject  to  the  market  conservation  condition  that  the  total 

redistributed  wealth,  £ Z(X.)  is  equal  to  £ Y , the  total 

all  all 

companies  companies  ^ 

wealth  without  reinsurance. 


MMV 
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In  the  simplest  case  (considered  below)  of  a single  cedent-reinsurer 
relationship,  the  "state  of  nature"  is  fully  described  by  Xt  , the  lia- 
bilities of  the  cedent.  The  reinsurer  is  responsible  for  quoting  a price 
function  P(X£)  . The  cedent  can  choose  to  pay  any  dividend  (payable 

immediately).  The  premium  income,  pfc  , during  stage  t is  assumed  known. 

Given  total  initial  reserves  Rt  , the  cedent  can  choose  a post-rein- 
surance wealth,  R(Xt),  subject  to  condition  (8),  i.e. 


R(Xt)P(Xt)dXt 


(10) 


The  criterion  of  optimality  is  the  utility  of  dividends  over  a given 
number  of  stages,  represented  by  the  discounted  sum  of  u(C^)  , the  utili- 
ties of  future  individual  dividends,  plus  the  discounted  value  of  u(Rq) 
where  Rq  is  the  final  wealth. + 

The  problem  of  optimal  choice  of  and  R(Xf)  is  solved  by  Dynamic 

Programming,  and  closed  form  solutions  can  be  obtained  for  the  "Linear  Risk- 
Tolerance"  Class  of  utility  functions. 

In  practice,  the  premium  income,  pt  , would  be  a random  variable,  and 
the  available  choice  of  reinsurance  contracts,  R(X£)  , would  be  severely 
limited.  Although  it  is  unlikely  that  prices  quoted  as  any  reinsurance 
market  would  be  entirely  consistent  with  any  price  function  P(X)  , such 
a function  could  provide  an  excellent  basis  for  a consistent  method  of 
premium  assessment  (Pechlivanides  [20],  P-  84  and  122). 


By  suitable  choice  of  an  alternative  utility  function  for  Rn  , it  might 
be  possible  to  give  appropriate  weight  to  the  long-term  solvency  of  the 
company. 


6.  OPEN  QUESTIONS 


Of  the  methods  of  calculating  optimal  reinsurance  considered,  the  most 
promising  would  appear  to  be  the  dynamic  approach  (Pechlivanides  [19]),  but 
from  a practical  point  of  view,  the  following  factors  would  have  to  be  con- 
sidered : 

i)  How  to  give  weight  to  the  continuing  solvency  of  the  company  apart 
from  the  value  of  dividends. 

ii)  How  to  take  account  of  random  variation  in  premium  income. 

It  might  also  be  useful  to  consider  the  cost  of  negotiating  treaties, 
and  to  incorporate  into  the  dynamic  model  possible  choice  in  the  tern  of  a 
treaty.  Decisions  would  depend  on  recent  experience  of  premium  income  and 
claims  distribution,  and  hence  Bayesian  methods  could  be  useful;  there 
would  be  a trade-off  between  saving  on  the  cost  of  negotiation  and  lack  of 
precision  in  the  estimates  of  future  experience  over  the  course  of  the  treaty. 

The  main  disadvantage  of  the  dynamic  approach  is  that  it  depends  on  a 
totally  flexible  range  of  insurance  contracts  and  a consistent  and  predict- 
able method  of  pricing. 

From  this  point  of  view,  an  assessment  of  utility  on  a year-to-year 
basis,  taking  into  account  current  market  prices,  seems  more  applicable  in 
practice.  However,  this  requires  that  the  utility  function  used  should  be 
such  as  to  truly  represent  the  value  of  net  assets  at  the  end  of  the  period 
being  considered  with  regard  to  the  whole  of  the  future,  (and  this  depends 
on  the  solution  to  the  dynamic  problem) . It  might  be  possible  to  make  some 
compromise  between  the  two  approaches. 

Another  difficulty  would  be  that  the  insurance  company  may  have  several 
portfolios  that  have  to  be  considered  separately  for  the  purposes  of  reinsur- 
ance, and  there  may  be  restrictions  on  the  movemmt  of  reserves. 
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APPENDIX 


Example  of  method  of  calculation  of  optimal  retention  for  stop-loss  rein- 
surance. 

With  reference  to  Section  5.1,  suppose  we  make  the  following  assumptions: 


1.  Utility  function  is  u(x)  ■ A(1  - e WX)  . 

u"  (x) 

This  has  constant  risk  aversion,  - ^ ^ ■ u . 

As  x -*  « , u(x)  -*■  A , its  maximum  value. 

Since  we  want  to  relate  this  to  initial  wealth,  R , we  define  <P  ” 


i.e.,  u - 1/R{ log  [1/Cl  - $)]}  - i|>/R  , say 


Then 


/ -^\ 

u(x)  ■ A\1  - e R / 


(1) 

(2) 


and  the  exponent  is  now  dimensionless,  regarding  <1/  as  the  parameter  of 
the  utility  function. 

2.  Claims  distribution  F(X  | M)  is  T (2,M) 

i.e.  dF(X  | M)  - • Xe“2x/MdX 

(and  E(X  | M)  - M , as  required). 

If  we  write  Y - -77  , and  (Y  | M)  - G(Y  | M) 
n 

then  dG (Y  | M)  - Ye_YdY  , and  E(Y  | M)  - 2 (3) 

independent  of  M+  . 


3.  The  retention  le  tM  , a fraction  of  the  volume. 

4.  M has  some  known  distribution  M ~ H(M)  . 

Then,  from  5.2,  writing  Y ■ ^7 

tSee  note  on  p.  13. 
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® / 2t 

- j M[1  - G(2t)  ] j(l  + X*)  J uTr  + (1  + X)M  - it*  - ^ldG(Y) 
0 ' 0 L J 

- (1  - (1  + X*)[l  - G(2t)])u'[R  + (1  + X)M  - it*  - Mt]  IdH(M) 

CD  ' 

where  it  - (1  + X ) J - Mij Ye  YdY  ■ a (t)M  , say, 

2t 


where  a(x)  « (1  + X*)(l  + r)e ~^T 


2t 


dU(T) 

dt 


- [1  - 6(2t)]  (1  + X ) 


//  exp[-t»-/R(R  + M[1  + X - a - Y/2] ) ]dG(Y)dH(M) 


0 0 


JAM£ 

R 


-(1  - (1  + X )[1  - G(2t) ] ) I sqx-  expt-K-/R(R  + M[1  + X - a - i])]dH(M) 


12  t °° 

(1  + X*)  j Ye~Y  J"  Jexp[-t(iJ (1  + X - a - Y/2)]dB(J)dY 
0 0 


(4) 


oo 

/ 


-(1  - (1  + X )[1  - G(2t)])  j Jexp[-i|tJ (1  + X - a - T)]dB(J)j 

0 


where  J • M/R  ~ B(J)  given  R . 

If  M , and  hence  J , are  of  known  constant  value,  Jq  (as  in  facultative 
reinsurance,  for  example),  by  setting  to  0 , and  cancelling  common 

factors,  we  obtain 

(1  + A*)  J Y exp^-Y^l  - ^p)]dY  - (1  - (1  + A*)(l  + 2T)e“2T)exp(tM0T)  (5) 
0 

for  optimal  t . 

ft. 

V.V  - ..J.— II I mimmm ■■■  ' 1 
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W0  i|)M 

Writing  p ■ 1 ^ - 1 - 


(1  + X*)j-  exp[-2ip]  + ^j(l  - exp[-2xp])| 
- (1  - (1  + X )(1  + 2x)e  2T)exp[2x(l  - p)] 


(6) 


S2tp  - 1 + 


2 e 


2t 


2tP  + p {— * -(1  + 2x) 


1 + X 


and  this  can  easily  be  solved  numerically  for  t . The  solution  gives  x 
increasing  with  X*  (i.e.  the  higher  the  reinsurance  loading,  the  greater 
the  retention),  and  also  t increasing  with  p (i.e.  the  larger  M , the 
volume,  and  the  larger  p , the  coefficient  of  risk  aversion,  the  lower  the 
optimal  retention). 

If  J is  now  allowed  to  vary,  e.g.  suppose  J has  gamma  distribution 


with  mean  , 


K . 


/k\k  jk_1  jo 

dB<J)  ' VV  e 


dJ  , 


where  K is  a measure  of  the  precision  of  variable  J , then  from 

M 

Equation  5.1,  substituting  J ■ — and  taking  expectations  w.r.t.  J , we 
have: 


U(t) 


/ | / T J)  - “*(-  * - T0l K 


+ W0(l  + X - a(x)  - Y/2)  ]||dG(Y) 


jexp^-  -j-  jj  - exp^-  * - j-[K  + ^JQ<1 


■)] 


K~1  j 


+ X - a(x)  - x)l  [1  - G(2x) ]) J *dJ 


and  this  is  clearly  finite  and  differentiable  for 
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T £ T * {t  I [K  + *J0(1  + x - a(T)  - t)]  > 0}  , 

and  U(t)  -«  as  [K  + i//Jq(1  + X - a(r)  - t)]  -*■  0+  , 

and  is  infinitely  negative  for  r ^ T . 

If  T is  not  empty,  since  U(t)  is  bounded  above,  and  since 

> 0 (see  below),  then  there  is  at  least  one  solution  to 

T-0 

— ■ 0 , giving  a local  maximum. 

If  we  consider  cases  where  {r  - 0}  e T , i.e.  [K  + i|>Jq(X  - A )]  > 0 , 
it  can  be  shown  that  there  is  a unique  S.t.  [K  + iJ/Jq(1  + X - a(x)  - t) ] ■ 0 , 

and  we  look  for  a solution  to  “0  in  (0,Xq)  • From  Equation  (4) 
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i.e. , 


* f _Y|  [k  + *Jo(1  + x " a(T)  “ t)]K  ) 


(1  + X ) Ye 


| [K  + (1  + X - a(i)  - Y/2)]K( 


- [1  - (1  + X*)(l  + 2-r)e"2T]  - 0 


and  this  has  a solution  with  ^ < 0 . 

dx 

It  can  easily  be  shown  that  the  optimal  value,  x , say,  increases 
with  X and  decreases  with  JQ  . Also,  t decreases  with  K (the  pre- 
cision) for  fixed  JQ  in  a neighborhood  of  any  K for  which 
1 + X - a(x)  - x > 0 . We  note  also  that  as  K -*•  “ , i.e.,  as  J tends 
to  become  more  precisely  fixed  at  Jq  , the  expression  { } -*■ 
exp  (-iJiJ0[Y/2  - x])  and  we  get  back  to  Equation  (5). 


